Abstract. We calculate the second coefficient of the asymptotic expansion of the Bergman kernel of the Hodge-Dolbeault operator associated to high powers of a Hermitian line bundle with non-degenerate curvature, using the method of formal power series developed by Ma and Marinescu.
Introduction
The study of the asymptotic expansion of Bergman kernels has attracted much attention recently. The existence of the diagonal asymptotic expansion of the Bergman kernel of high tensor powers of a positive line bundle over a compact complex manifold was first established by Tian [19] , Ruan [18] , Catlin [7] and Zelditch [21] . Tian [19] , followed by Lu [11] and Wang [20] , derived explicit formulae for several terms of the asymptotic expansion on the diagonal, via Tian's method of peak sections.
Using Bismut-Lebeau's analytic localization techniques, Dai, Liu and Ma [8] established the full off-diagonal asymptotic expansion of the Bergman kernel of the Spin c Dirac operator associated to high powers of a Hermitian line bundle with positive curvature in the general context of symplectic manifolds. Moreover, they calculated the second coefficient of the expansion in the case of Kähler manifolds. Later, Ma and Marinescu [15] studied the expansion of generalized Bergman kernels associated to Bochner-Laplacians and developed a method of formal power series to compute the coefficients. By the same method, Ma and Marinescu [13, Th. 2.1] computed the second coefficient of the asymptotic expansion of the Bergman kernel of the Spin c Dirac operator acting on high tensor powers of line bundles with positive curvature in the case of symplectic manifolds. In the same vein, they computed in [16] the first three coefficients of the expansion of the kernel of Toeplitz operators. We recommend the survey [12] for the expansion of the kernel of Toeplitz operators in the context of geometric quantization.
In this paper we consider the Hodge-Dolbeault operator (which is a modified Dirac operator (see (0.5))) associated to high powers of a Hermitian line bundle with nondegenerate curvature over a compact complex manifold. For the non-degenerate curvature case, Ma and Marinescu [13] obtained the expansion of the Bergman kernel of the Spin c Dirac operator [13, Th. 1.7] on any symplectic manifold and they computed the first two coefficients [13, Th. 2.1] in the case of positive curvature. Berman and Sjöstrand [3] also studied the asymptotic expansion for Bergman kernels for high powers of holomorphic line bundles with non-degenerate curvature over compact complex manifolds.
This paper is a continuation of [13] . We compute the second coefficient of asymptotic expansion of the Hodge-Dolbeault operator by means of the method in [13, 15] . Compared to [13, 15] , the main feature in this paper is that we perform our calculations for line bundles with non-degenerate curvature of arbitrary signature.
Let (X, J) be a compact connected complex manifold with complex structure J and dim C X = n. Let (L, h L ) be a holomorphic Hermitian line bundle on X, and let ∇ L be the Chern connection of (L, h L ) with the curvature R L = (∇ L ) 2 .
Our basic assumption is that ω := √ −1 2π R L defines a symplectic form on X. The complex structure J induces a splitting T X ⊗ R C = T Set rankW = q. Then the curvature R L is non-degenerate of signature (q, n − q). Now take the Riemannian metric g T X on X to be
Since ω is compatible with the complex structure J, then the metric g T X is also compatible with J. Note that (X, g T X ) is not necessarily Kähler. Denote by ·, · the C-bilinear form on T X ⊗ R C induced by g T X . Let (E, h E ) be a holomorphic Hermitian vector bundle on X, and let ∇ E be the Chern connection of (E, h E ) with curvature R E = (∇ E ) 2 . Denote by Ω 0,j (X, L p ⊗ E) the space of smooth (0, j)-forms over X with values in L p ⊗ E and set
We still denote by ·, · be the fibrewise metric on Λ(T * (0,1) X) ⊗ L p ⊗E induced by g T X , h L and h E . Let dv X be the Riemannian volume form of (X, g T X ). The L 2 -scalar product on Ω 0,• (X, L p ⊗ E) is given by
Let ∂ L p ⊗E, * be the formal adjoint of the Dolbeault operator ∂ L p ⊗E with respect to the scalar product (0.4).
Definition 0.1. The Hodge-Dolbeault operator is defined by
. By Hodge theory, we know that 
It is a consequence of (0.7) and (0.8) that the kernel of D 2 p is concentrated in degree q for p large enough. Let P 0,q p be the orthogonal projection from
, and let P 0,q p (·, ·) be its kernel with respect to dv X . The operator P 0,q p is smoothing, so the kernel P 0,q
Denote by Θ the Kähler form associated to g T X , i.e.,
The following diagonal asymptotic expansion of the kernel P 0,q p (·, ·) was derived by Ma and Marinescu, see [13, Th. 1.7] .
Theorem 0.2. There exist smooth coefficients b r (x) ∈ End Λ q (T * (0,1) X) ⊗ E x , which are polynomials in R T X , R E (and dΘ, R L ) and their derivatives of order 2r−2 (resp. 2r − 1, 2r) at x, such that
and for any k, l ∈ N, there exists C k,l > 0 with
for any p ∈ N. Moreover, the expansion is uniform in that for any k, l ∈ N, there is an
run over a set which are bounded in C s and with g T X bounded below, there exists the constant C k,l independent of g T X , and the C l -norm in (0.11) includes also the derivative on the parameters.
The purpose of this paper is to calculate the second coefficient b 1 in the asymptotic expansion (0.11). The readers are referred to the monograph [14] for a comprehensive study of the asymptotic expansion of Bergman kernels and the methods of calculation of the coefficients along the lines of the present paper.
To state our main result we continue to introduce more notations. Let ∇ T X denote the Levi-Civita connection on (T X, g T X ), and let ∇ T (1,0) X be the Chern connection of (
. We denote by R T (1,0) X the curvature of ∇ T (1,0) X . Let J : T X → T X be the almost complex structure defined by
Then J commutes with J. Let v 1 , . . . , v n an orthonormal frame of (T (1,0) X, h T (1,0) X ) such that the subbundle W is spanned by v 1 , . . . , v q , and let v 1 , . . . , v n be the dual frame. It is a consequence of (0.3) and (0.12) that
X be the eigenbundles of J corresponding to the eignevalues √ −1 and − √ −1 respectively. Set u j = v j if j q and u j = v j otherwise. Then u 1 , . . . , u n forms an orthonormal frame of the subbundle T (1,0) J X and
Let ∇ B be the Bismut connection (see (1.4)) on Λ(T * (0,1) X) whose curvature is denoted by R B . Denote by ∇ X ψ, ∇ B ψ the covariant derivative of a tensor ψ with respect to ∇ T X and ∇ B , respectively. Let e 1 , . . . , e 2n denote an orthonormal frame of (T X, g T X ), set
We denote by T as the anti-symmetrization of the torsion tensor of the connection induced by the Chern connection ∇ T (1,0) X on T X (cf. (1.1), (1.2)). Let Λ ω be the contraction operator with the form ω. Let P be the smooth 2-form over X defined by
The summation convention of summing over repeated indices is used here and throughout in this paper. Note that we have (cf. [14, (1.2.51)]):
The main result in this paper is as follows.
Theorem 0.3. Let X be a compact complex manifold and (L, h L ) be a holomorphic Hermitian line bundle whose curvature is non-degenerate of signature (q, n − q). Let (E, h E ) be a holomorphic Hermitian vector bundle. Endow
In particular,
Note that Hsiao [10] independently calculated by other methods the coefficient b 1 for the trivial line bundle with mixed curvature over C n endowed with the Euclidean metric.
This is in turn given by the RiemannRoch-Hirzebruch formula (5.1). Thus, by integration of the asymptotic expansion (0.11) we can compare coefficients with the Riemamm-Roch-Hirzebruch formula and we can check our formulas for b 1 (x). This will be carried out in §5.
Since the explicit formula (0.18) seems rather lengthy, it is worthwhile to show what it reduces to in various interesting special cases. Denote by R T X , r X the curvature and scalar curvature of the Levi-Civita connection ∇ T X , respectively.
is Kähler, then we have
Taking the trace over Λ q (T * (0,1) X) yields
Corollary 0.5. If q = 0, then it follows (0.3) and (0.12) that (X, g T X , J) is Kähler. Then the formula (0.18) reduces to the known one [14, (4.1.8)] for positive line bundles:
Formula (0.22) follows immediately from (0.20).
Comparison between curvatures of Bismut and Levi-Civita connections
In this section we introduce the notion of Bismut connection and develop some properties of the tensors ∇ X J and ∇ B J. We also derive a formula for the difference between R B and R T X . We use freely the notions from the Introduction. The Chern connection
Then∇
T X is a Hermitian connection on T X ⊗ R C which preserves the decomposition
We still denote by∇ T X the induced connection on T X. Let T be the torsion of the connection∇ T X , and let T as be the anti-symmetrization of the tensor T , i.e., for U, V, W ∈ T X,
Denote by S
B the 1-form with values in the antisymmetric element of End(T X) which satisfies for U, V, W ∈ T X,
Then the Bismut connection on T X is defined by
B preserves the metric g T X and the complex structure J of T X. Then the curvature R B is compatible with the complex structure J of T X. We now continue with some elementary observations about the tensor ∇
On the other hand for the tensor ∇ B J, we have for U, V, W ∈ T X,
Since ∇ B is not torsion-free, then the analogue of (1.6) does not hold for the tensor ∇ B J, neither does the analogue of (1.10). Hence ∇ B J does not admit such a decomposition as (1.11). In spite of this, ∇ B J does satisfy the following property.
Furthermore, it exchanges the subbundles W and W ⊥ .
Proof. It is a consequence of the facts that
which implies immediately that ∇ B J preserves T (1,0) X and T (0,1) X. Note that the metric ·, · is C-bilinear. Then for 1 j, k q and U ∈ T X, we have
This completes the proof of Proposition 1.1.
Proof. In view of (1.11) and Proposition 1.1, we find
Again by Proposition 1.1 we get
Combining (1.19) and (1.20), we obtain the second equality of (1.18). This completes the proof of Lemma 1.2.
The main result of this section is the following formula for the difference R B − R T X . Proposition 1.3. We have
(1.21)
The proof of Proposition 1.3 is based on the following three Lemmas.
(1.22)
Proof. One verifies directly that
(1.24)
Substituting (1.24) into (1.23) yields (1.22).
(1.25)
Proof. By (0.15) and (1.11) we obtain
Combining (1.4) and (1.26) yields
Substituting (1.28) and (1.29) into (1.27) yields (1.25).
(1.30)
Proof. Clearly,
(1.32)
Clearly,
Substituting (1.33) into (1.32) yields (1.30). The proof of Lemma 1.6 is complete.
Proof of Proposition 1.3. Formula (1.21) follows immediately from (1.22), (1.25) and (1.30).
Bergman Kernel of the Hodge-Dolbeault Operator
In this section we introduce the corresponding Lichnerowicz formula for the square of the Hodge-Dolbeault operator and calculate out the curvature operator of the connection ∇ B,Λ 0,• ⊗L p ⊗E which arises in the Lichnerowicz formula.
Lichnerowicz formula for the Hodge-Dolbeault operator. For any
, where ∧ and i denote the standard exterior and interior multiplication, respectively.
The Chern connection
. . , e 2n denotes an orthonormal frame of T * X, then define
In this sense c B is defined for any B ∈ Λ(T * X) ⊗ R C by extending C-linearity. Recall that T as is defined by (1.2). Take U ∈ T X. Let 
and S(T X) is the fundamental spinor bundle for the (possibly nonexistent) spin structure on T X and det(T (1,0) X) 1/2 is the (possibly nonexistent) square root of det(T (1,0) X) (cf. 
Then e 1 , . . . , e 2n forms an orthonormal frame of T X. Set
Denote by v j the metric dual of v j . It is a consequence of [14, (1.3.5) ] that ∇ B,Λ 0,• is given, with respect to the frame {v
If e 1 , . . . , e 2n denotes an orthonormal frame of T X, then set
The following Lichnerowicz formula [14, (1.4 
(2.10)
If A is a 2-form, then
If A is a skew-adjoint endomorphism of T X, then
(2.13)
From (0.12), (0.13), (2.11) and (2.13), we have
Definition 2.1. The Bergman kernel P p (x, y) (x, y ∈ X) is the smooth kernel with respect to dv X (y) of the orthogonal projection
It is a consequence of the Andreotti-Grauert vanishing theorem (0.8) that the kernel P 0,q p (x, y) coincides with the Bergman kernel P p (x, y) for p large enough. Hence, Theorem 0.2 in fact gives the diagonal asymptotic expansion of the Bergman kernel P p (x, x).
A formula of the curvature operator
Combining (1.4) and (2.15) yields
By [2, (3.4)], (2.16) and the explanation after (2.2), we know that
Of course, we can get (2.17) from (2.6) by a direct computation. Note that since R B is compatible with the complex structure J, we obtain from (2.12) and (2.17) that R B,Λ 0,• preserves the Z-grading of Λ(T * (0,1) X). From (2.17), we have
3. An Explicit formula of b 1
In this section we provide an explicit formula for the second coefficient b 1 in the diagonal asymptotic expansion (0.11).
3.1. Trivialization. Fix a point x 0 ∈ X. For ε > 0, denote by B X (x 0 , ε) (resp. B Tx 0 X (0, ε)) the open ball in X (resp. T x 0 X) with the center x 0 and radius ε. Then we identify B Tx 0 X (0, ε) with B X (x 0 , ε) by the exponential map Z → exp
. . , v n be an orhonormal basis of T (1, 0) x 0 X such that the equations (0.13) hold at the point x = x 0 . Set
Then e 1 , . . . , e 2n forms an orthonormal basis of T x 0 X. The coordinates on T x 0 X ≃ R 2n is given by 
Using s L and the above trivialization §3.1, we get an isometry
We denote by ∇ U the ordinary differentiation operator on
It is a consequence of our trivialization that L t 2 is self-adjoint with respect to
. We adopt the convention that all tensors will be evaluated at the base point x 0 ∈ X, and most of the time, we will omit the subscript x 0 . Let 
x 0 (R, e i )R, e j ∇ 0,e i ∇ 0,e j (3.6) 
(e i , e j )c(e i )c(e j ) + 1 4 r
Proof. We carry out our proof along the lines in [13, Th. 2.2]. The details involved differ in two aspects. First, the formula [13, (2.11)] there should be replaced by 
is an orthonormal basis of T (1,0)
x 0 X. We identify z to n j=1 z j ∂ ∂z j and z to n j=1 z j ∂ ∂z j when we consider z and z as vector fields. Then Z = z + z and
By (0.13),
We also identify ξ to 
Recall that the operator L 0 is defined in (3.6). It is very useful to rewrite L 0 by using the creation and annihilation operators. Set
Then for any polynomial g(ξ, ξ) on ξ and ξ, 
and an orthogonal basis of the eigenspace of 4π n j=1 α j is given by
be the smooth kernel of P N with respect to dv T X (Z ′ ). From (3.20), we get
2 ), and P N (Z, Z ′ ) be its smooth kernel with respect to dv T X (Z ′ ). Set
we find that
It is a consequence of Proposition 1.1 that the second equality of (3.7) reduces to the following formula 
where I E denotes the orthogonal projection from Λ(T * (0,1) X) ⊗ E onto E. We only need to computer the first two terms and the last two terms in (3.27), since the third and fourth term in (3.27 ) are adjoint of the first two terms by Theorem 3.1.
Computations of the coefficient b 1
In this section we calculate out term by term the expressions (3.27) of b 1 and then prove Corollary 0.4. Lemma 4.1. For every 2-form A, we have
Moreover, if A is compatible with the complex structure J, then
Proof. One easily get the result (4.1) from (2.12).
If A ′ is a antisymmetric endomorphism of T X, an analogue of (4.1) holds for A ′ , i.e., simply replacing A(·, ·) in (4.1) by A ′ ·, · .
4.1.
The terms in b 1 containing the factor O 1 . Set J = −2π √ −1J. From (1.11) and (3.16), we find that
By (1.11), (3.24), (3.25), (4.2) and (4.3), we know that 
Therefore,
By taking adjoint of (4.6) and (4.7), we find that
By (1.18), (4.7), (4.9) and C |ξ| 2 e −π|ξ| 2 = 1 π
, we obtain
(4.10)
By (4.6) and (4.8),
Let h(Z) (resp. F (Z)) be homogenous polynomials in Z with degree 1 (resp. 2), then by (3.22) and Theorem 3.2,
(4.12) From (3.22) and Theorem 3.2, one verifies directly that for 1 j q, q + 1 k n,
Moreover, we have for 1 i, j q and q + 1 k, l n,
Using (1.11), (3.22), (4.3) and (4.7) we obtain
Then by (1.18), (3.25), (4.7), (4.14) and (4.15) we get
with
and 
This result is the analogue of [15, (2.39)]). In our case we use the coordinates (ξ 1 , . . . , ξ n ) adapted to J (see (3.13)), whereas in [15, (2.39)]) the coordinates (z 1 , . . . , z n ) adapted to J are used (see [ 15,  §1.4] ). The proof of (4.19) is similar to [15, (2.39)] so we omit it. Now we are ready to compute the term (L
Using the relation
Hence,
(4.24)
By (3.7), we get
From (2.12), (2.17), (4.2) and Proposition 1.1, we obtain
Using (1.7), (3.22), (4.12)−(4.13) and Theorem 3.2, we have
From (4.27), we get
By (1.13) we obtain
Substituting (4.29) into (4.28) yields
Similar to [15, (2.21) ] we obtain
The difference from [15, (2.21) ] is again the use of coordinates (ξ 1 , . . . , ξ n ) adapted to J. Combining (4.19), (4.24), (4.31) and (4.30) we get
By (1.21) we obtain
and the Stokes' Theorem, we obtain
Substituting (0.19), (5.3), (5.5) and the equality (5.4) for α = c 1 (E) and c 1 (T (1,0) X), respectively, into (5.2), we obtain (5.1). Therefore, our final formula (0.18) is compatible with (5.1).
On the other hand we also explain here the compatibility of our formula (0.18) with the local index formula obtained by Bismut [4, (2. 53)] for non Kähler manifolds under the assumption that the form T as is closed.
Recall that S B is defined in (1.3) . Set 
where Ω j (X) denotes the space of smooth j-forms over X. For t > 0, let Q p,t (x, y) be the smooth kernel on X associated to the operator exp(−tD
be the direct sum of the space of smooth (0, 2j)-forms (resp. (0, 2j + 1)-forms) over X with values in L p ⊗ E for j 0. Set 
uniformly on X.
Now we check the compatibility of our final result (0.18) with (5.9).
Mckean-Singer formula [2, Th. 3 .50] also holds for the modified Dirac operator D p :
Combining (0.8), (5.9) and (5.10) yields
If we expand the right hand side of the formula (5.11) in a polynomial of degree n in p, then it follows from (5.7) that the term A(
) has no contribution to the coefficients of p n and p n−1 . Hence we obtain from (5.11) that Note that (0.22) and (6.11) imply the well-known fact, that the 1-dimensional projective space (CP 1 , g T CP 1 ) endowed with the Fubini-Study metric g T CP 1 has constant scalar curvature 8π.
Application to covering manifolds and homogeneous line bundles
Let (X,J) be a paracompact complex manifold of dimension n, and let Γ be a discrete group acting holomorphically, freely and properly discontinuously onX such that the quotient X =X/Γ is compact. Assume that there exists a Γ-invariant holomorphic Hermitian line bundle (L, hL) onX, such thatω :=
RL is a symplectic form. The signature of the curvature RL (i.e., the pair of the numbers of negative and positive eigenvalues at a point) with respect to any Riemannian metric on TX, compatible with J is locally constant. We assume that the signature is constant and equals (q, n − q), 0 q n.
Let g TX be any Γ-invariant Riemannian metric on TX compatible withJ. Consider a Γ-invariant holomorphic Hermitian vector bundle (Ẽ, hẼ) onX. Let Ω 0,j (X,L p ⊗Ẽ), Ω 0,• (X,L p ⊗Ẽ) be the spaces defined as before, and let Ω 0,• c (X,L p ⊗Ẽ) be the subspace of be a system of positive roots. LetX = G/H and letL λ →X be the line bundle induced onX by the character λ of H. By [9, §1] the choice of the positive root system P defines a complex structure onX andL λ , such thatL λ →X is a holomorphic line bundle. By a theorem of Borel [5] , there exists a discrete group Γ ⊂ G which acts freely onX such that X =X/Γ is compact. Moreover, the action of Γ lifts to an action onL λ . The following result is due to Griffiths and Schmidt, see [9, Th. 4 .17D].
Theorem 7.5. Let ·, · be the scalar product on h * induced by the Cartan-Killing form on h. Assume that λ is a character on H such that λ, α = 0 for any α ∈ ∆. Let ∆ = ∆ c ∪ ∆ n be the decomposition of ∆ in compact and noncompact roots with respect to K. Set ι(λ) = ♯ α ∈ P ∩ ∆ c : λ, α < 0 + ♯ α ∈ P ∩ ∆ n , λ, α > 0 . (7.13) Let ρ denote the half-sum of the positive roots of (g, h) and q = ι(λ + ρ). ThenL λ admits a Γ-invariant Hermitian metric hL λ whose curvature RL λ is nondegenerate and has signature (q, n − q).
Therefore, Theorem 7.3 applies to the calculation of the coefficientb 1 of the Bergman kernel expansion for the homogeneous line bundleL λ from Theorem 7.5.
